The orientation-dependent surface energies of 35 low-index and vicinal Pb surface orientations, located in the ͓001͔, ͓110͔, and ͓011͔ zones, have been calculated by density-functional theory within the local-density approximation. The highest surface energy anisotropies in these zones are at the ͑210͒, ͑110͒, and ͑311͒ directions. Surface relaxation decreases the surface energy anisotropy significantly. For misorientations smaller than 12°the ͑projected͒ surface energy in a given zone increases linearly with step density, while curvature is found at higher misorientations, indicative of repulsive step-step interactions. These results are fully consistent with the orientation-dependent surface energy predicted by the statistical mechanics of the terrace-step-kink model of vicinal surfaces. The step formation energies and surface and step relaxation energies are derived and analyzed. There is good agreement with available experimental data. The calculated surface energies in eV/ atom correlate linearly with the number of broken surface bonds. Deviations from perfect linearity are found to be essential for a proper description of the equilibrium crystal shape of Pb.
I. INTRODUCTION
Surface and step energies as well as step-step interaction energies of crystals are of fundamental importance in solid state physics and materials science: For example, they are needed to understand crystal growth, stability of thin films, and sintering of metal powders. The surface energy of a solid crystal depends on the crystallographic orientation, i.e., it is anisotropic. Most experimental data are unfortunately average values of an unknown range of orientations. 1, 2 Only recently, it became possible to determine experimentally absolute values of surface free energies of a crystal for welldefined orientations, e.g., Pb. 3, 4 The procedure involved fitting experimental equilibrium crystal and island shape data by Ising-type theoretical model equations 5 and using general thermodynamic considerations. Theoretical data, on the other hand, are available for many metals and semiconductors, with a large variation in magnitude due to the different approaches and approximations, utilizing empirical potentials, [6] [7] [8] tight-binding theory, 9, 10 and density-functional theory ͑DFT͒.
11 It is equally important and interesting at this point to calculate systematically the orientation-dependent surface energy of a crystal, such as Pb, employing the accurate and reliable DFT method, and to compare the results directly with the experimental anisotropy obtained from equilibrium crystal shapes ͑ECSs͒. [12] [13] [14] [15] A comparison of first-principles anisotropic surface energies with the generally accepted thermodynamic theory 16 is also of great interest, and should give a deeper, microscopic insight into the important physics of surface and step energies of materials.
There have been a number of DFT calculations of the low-index surface energies of Pb in the literature, showing a large scatter of results. 11, [17] [18] [19] Previously we have rechecked the surface energies of Pb͑111͒, Pb͑100͒, and Pb͑110͒ by DFT pseudopotential plane-wave calculations. 20, 21 It was found that the calculated surface energies of Pb within the generalized gradient approximation ͑GGA͒ are about 30% lower than the experimental values, while results within the local-density approximation ͑LDA͒ are in good agreement with experiment. That the LDA yields more reliable surface energies than the GGA is probably due to a better error cancellation of the surface exchange and correlation energy within the LDA. 25 Surface relaxation is another important factor which typically decreases the surface energy by around 10%, depending on orientation. Numerical setups, such as the slab thickness, k mesh, and plane-wave cutoff, also affect the results. 21 In this study we extend our DFT calculations 20 of low-index surfaces of Pb to a systematic study of vicinal high-index orientations, suitable for a direct comparison with experimental investigations 3,4,26 and a detailed evaluation of step formation energies. The same data are used to estimate step-step interaction energies for the two principal zones of vicinal ͑111͒ surfaces. In the same context, relaxation energies of vicinal surfaces and steps are also evaluated and discussed. Finally, based on this extensive set of DFT surface energies for 35 different orientations of Pb, we check the validity of the broken surface bond rule for estimating surface energies of vicinal surfaces, 27 especially in the context of the equilibrium shape of small crystals at 0 K.
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II. DFT OF VICINAL SURFACE ENERGIES
The DFT total energy calculations were carried out for 32 vicinal Pb surfaces in their unrelaxed and relaxed configurations. The work essentially built on a previous extensive study of surface energies of low-index Pb surfaces. 21 The approach is based on ab initio, norm-conserving pseudopotentials. 20, 22 Relativistic effects which may be important for Pb are accounted for by using a scalar-relativistic kinetic energy operator 23 which allows a proper description of the relativistic shifts of the valence levels while the spin-orbit coupling terms are averaged. 24 The exchange-correlation interaction is described within the local-density or the generalized gradient approximation. 22 The convergence of results was checked as a function of plane-wave cutoff, k mesh, vacuum and slab thickness, and the effect of nonlinearity of the core-valence exchange-correlation interaction. Hence great care is taken to guarantee good numerical convergence. 21 We use a plane-wave cutoff of 14 Ry, MonkhorstPack k meshes equivalent or close to 24ϫ 24 for a Pb͑100͒ surface, and slabs of 12 ͑111͒ layers in the terrace of the ͑111͒ vicinals, 14 ͑100͒ layers in the terrace of the ͑100͒ vicinals, and 18 ͑110͒ layers in the terrace of the ͑110͒ vicinals. The surface structures are fully relaxed, with a maximum force of 5 -10 meV/ Å. The average forces are one order of magnitude smaller. The error bar for the surface energies relative to each other is estimated to be smaller than ±0.1 meV/ Å 2 . Further calculational details may be found in Refs. 21 and 22.
Calculations were carried out for the ͓001͔ and ͓110͔ zones, bounded by the low-index ͑111͒, ͑100͒, and ͑110͒ surfaces. The results of surface energies for 32 high-index surfaces of Pb, together with the values of the low-index orientations published previously, 21 are listed in Table I . They are given in units of meV/ Å 2 and also meV/atom which we will use later. The angle of orientation relative to the ͑111͒ surface, , is calculated for the ͓110͔ zone while for the ͓001͔ zone is equal to the sum of 35.264°and the relative angle to the ͑110͒ surface. The relative surface energy ␥͑͒ / ␥ ͑111͒ versus orientation angle is plotted in Fig. 1 for both relaxed and unrelaxed surfaces. As expected, the minimum surface energy of 26.0 ͑27.5͒ meV/ Å 2 is obtained at the closepacked ͑111͒ surface for relaxed ͑unrelaxed͒ structures. A secondary minimum is also found at ͑100͒. Maxima in each zone are observed at the ͑210͒, ͑110͒, and ͑311͒ orientations, which are all fully stepped structures. These open surfaces have the strongest surface relaxations due to the Smoluchowski charge smoothing effect. 29 Surface relaxation thus decreases the surface energy anisotropy significantly. The directions of maxima and minima of the theoretical anisotropy curve coincide well with experimental values obtained by evaluating the ECS of Pb at 323 and 473 K. 3, 13 The degree of anisotropy for the relaxed surfaces at T = 0 K is 25% and higher as expected, than the experimental values of 11% at 323 K ͑Ref. 3͒ and 6% at 473 K. 13 The theoretical data in Fig. 1 show some important features which are not present or obvious in the experimental data. They may be characteristic of the temperature of 0 K. First, there is a small cusp at the ͑411͒ orientation. This surface is a special case because it exhibits two different steps per unit cell, with unequal step height and step separation. The same is true for the ͑551͒ surface. Vicinal surfaces of this kind appear to have relatively lower surface energies and thus higher stability than those with a single type of step. 28 This effect is more obvious for the unrelaxed surfaces. Note that the steps of all vicinal surfaces in this study are of monatomic height. Secondly, there are clear discontinuities in slope for the relaxed surfaces at the ͑320͒ and ͑110͒ orientations. The discontinuity at ͑320͒ is even present for the unrelaxed surface becoming enhanced through relaxation. Hence ͑320͒ represents a cusp orientation which actually leads to a facet on the T = 0 K ECS. 28 On the other hand, at ͑110͒ there is a semicusp because the slope is near zero in the ͓110͔ zone but at a large positive value in the ͓001͔ zone, for both the relaxed surfaces. In other words, because of the twofold symmetry of this surface there is no ͑or a very shallow͒ cusp in the ͓110͔ zone but a pronounced cusp in the ͓001͔ zone. The corresponding facet on the ECS will be either a knife edge or of a highly anisotropic form. 28 This issue will be further discussed in the context of the step energies of vicinal ͑110͒ surfaces ͑see next section͒.
III. STEP FORMATION AND STEP-STEP INTERACTION ENERGIES
The increase in surface energy with step density for surfaces vicinal to a low-index cusp orientation is attributed to the formation energy of steps of monatomic height, f 1 , and the step interaction energy f 3 . 30 All three energies are temperature dependent but in this work we are considering the ground state situation at 0 K only. The step energy, which is equal to the energy per length divided by the step height, will be given in meV/ Å 2 . In general, the orientation dependence of the surface free energy is given by the following relationship derived in the framework of the terrace-step-kink model of vicinal surfaces: [31] [32] [33] 
where f͑p͒ = ␥͑͒ / cos͑͒ is the projected surface energy, and p = tan͑͒ the step density, f 0 the surface energy of the lowindex orientation, and f 3 the step-step interaction energy due to elastic and electrostatic dipole-dipole interactions. Higherorder dipole-quadrupole interactions may also be present but their magnitude is generally negligible at large terrace width. 7, 34 A quadratic p term is not taken into account. 31, 32 Previous work on the shape exponent of vicinal surfaces of Pb has supported the universal exponent 3 / 2 which is consistent with the cubic p term. 35, 36 The linear term in p is very important in Eq. ͑1͒ because it guarantees the formation of stable facets at low-index surfaces and low temperature on the ECS. In the limit of low step density the linear increase in f͑p͒ with misorientation tan͑͒ is therefore a characteristic feature of the orientation-dependent surface energy of vicinal surfaces. There is no simple rule up to which tilt angle the linearity should prevail, as long as the ratio f 3 / f 1 is unknown. First-principles DFT calculations of the orientationdependent surface energy should confirm the generic form of Eq. ͑1͒.
Based on the data set displayed in Fig. 1 , theoretical step formation and step interaction energies can in principle be determined by fitting the calculated values of f͑͒ versus tan͑͒ by Eq. ͑1͒. This is illustrated in Figs. 2͑a͒ and 2͑b͒ for relaxed Pb vicinal surfaces in the ͓011͔ and ͓110͔ zones over a range of orientations from zero to about 30°relative to ͑111͒. There is a nearly perfect linear behavior up to about tan͑͒ = 0.22, or = 12°. The step configurations of surfaces vicinal to ͑111͒ in these two zones are inequivalent because their ledge structure is ͑100͒ and ͑111͒ for ͓011͔ and ͓110͔ zones, respectively. These steps are commonly denoted as A and B steps. The straight lines in Figs. 2͑a͒ and 2͑b͒ yield different step formation energies of 15.8 and 13.9 meV/ Å 2 for relaxed A and B steps, respectively, corresponding to a step energy ratio of 0.88. The two different energies reflect the structural difference of the two kinds of steps. Thus the threefold symmetry of ͑111͒ facets on the experimental 37, 38 Pb ECS is confirmed by our first-principles results. The step energies of unrelaxed vicinal Pb͑111͒ surfaces are much higher, namely, 21.3 and 20.0 meV/ Å 2 , respectively ͑ratio 0.94͒. The step energy of vicinal Pb͑100͒ surfaces in the ͓110͔ zone was evaluated in the same fashion, such as seen in Fig.  2͑c͒ , and yielded 8.9 and 13.3 meV/ Å 2 for relaxed and unrelaxed surfaces, implying a step relaxation energy of 4.4 meV/ Å 2 . Although the ledge of these steps on ͑100͒ has the same microstructure as the B step of the vicinal ͑111͒ surface, the energy for creating a step on a close-packed ͑111͒ surface is obviously higher than on a less dense ͑100͒ surface. By contrast, the formation energy of a fully kinked step, formed by tilting the ͑100͒ surface in the ͓001͔ zone, is considerably higher at 11.2 ͑18.7͒ meV/ Å 2 for the relaxed ͑unrelaxed͒ surface ͓Fig. 2͑c͔͒. The step direction is ͓100͔ and the step is called a C step. The step energy ratio C / B for relaxed surfaces at the vicinal ͑100͒ orientation is 1.26. A simple two-dimensional Wulff construction shows that the equilibrium shape of a ͑100͒ facet at 0 K is an irregular octagon with a step length ratio of l B / l C = 5.1. The evaluation of a step energy of vicinal ͑110͒ surfaces is possible only in the ͓001͔ zone because at ͑110͒ there is the already mentioned semicusp ͑compare the discussion of Fig. 1͒ . The energy of the C-type step in this case is 5.9 and 8.5 meV/ Å 2 for relaxed and unrelaxed surfaces, respectively. In the ͓110͔ zone there is practically no visible cusp at ͑110͒ in Fig. 1 , implying a very low or zero step formation energy. The magnitude of this step energy ͑B type͒, however, has been estimated 28 from the theoretical ECS of relaxed Pb as 0.3 meV/ Å 2 . The step energy ratio B / C would then be about 0.05 which corresponds to a ͑110͒ facet, which exhibits a highly anisotropic shape at 0 K.
Returning to Fig. 2 we evaluate the small positive curvature in f͑͒ versus tan͑͒, which indicates an overall repulsive step interaction for Pb vicinal surfaces at 0 K. At large terrace width, this repulsive interaction is very weak but at step densities larger than 0.2 it becomes obvious. For the relaxed Pb͑111͒ vicinal surfaces the results are consistent with step interaction energies of the order of 4 -5 meV/ Å 2 , estimated from the f͑͒ versus tan͑͒ data of Figs. 2͑a͒ and 2͑b͒ for the range of tan͑͒ less than 0.5. At this point we wish to stress that these step interaction energies are course estimates because it is not known whether the strict form of Eq. ͑1͒ still holds at such high step densities. This interaction originates predominantly from the elastic force field of steps. By comparison, the electrostatic dipole-dipole interaction is estimated from calculated work function changes of stepped surfaces and was found to be smaller than 0.01 meV/ Å 2 . The theoretical total dipole-dipole step interaction energies ͑elastic and electrostatic͒ are smaller than the corresponding experimentally determined values of 8 -11 meV/ Å 2 , 24, 36 which may be a consequence of fitting our data by Eq. ͑1͒ outside the range of validity of this equation. The theoretical ratio of step interaction to step energy for ͑111͒ vicinal surfaces is about 1 / 3.
IV. RELAXATION ENERGIES OF VICINAL SURFACES AND STEPS
The differences in calculated surface and step formation energies for relaxed and unrelaxed surfaces allow the determination of corresponding relaxation energies. Based on Eq. ͑1͒, we define the surface relaxation energy of the vicinal surfaces as ⌬f rel ͑p͒ = f unrel ͑p͒ − f rel ͑p͒ = ⌬f rel ͑0͒ + h͓⌬f 1 ͑p͒ / d͔ ͑neglecting step-step interaction at low step densities͒, where h is the monatomic step height, d the terrace width, and ⌬f 1 ͑p͒ the step relaxation energy. This relationship holds for small tilt angles where the linear behavior of f͑͒ versus tan͑͒ is valid. The surface relaxation energy of vicinal surfaces decreases with increasing terrace width ͑Fig. 3͒ and approaches asymptotically the value of the ͑111͒ terrace. The solid curves are calculated using a constant step relaxation energy. Hence, the surface relaxation energy of vicinal surfaces in this angular range is governed by a constant step relaxation energy. The step relaxation energy ⌬f 1 ͑p͒, calculated as the difference ͓⌬f rel ͑p͒ − ⌬f rel ͑0͔͒ / tan͑͒, is plotted in Fig. 4 versus step density for ͑111͒ vicinal A and B steps. In a range of tilt angles where the linearity of f͑͒ versus tan͑͒ holds, the relaxation energies of A and B steps are indeed nearly constant at about 5 and 6 meV/ Å 2 , respectively. The ͑411͒ and ͑551͒ orientations are special cases because they exhibit two different types of steps per unit cell, with slightly different step heights and step separation. These surfaces deviate markedly from the behavior of surfaces with only one kind of monatomic step. They show lower relaxation energies, which is consistent with the local minima in the orientationdependent surface energy plot in Fig. 1 . There the minima at ͑411͒ and ͑551͒ are more pronounced for the unrelaxed surfaces and become shallower with relaxation.
V. DISCUSSION OF STEP FORMATION ENERGIES
The theoretical surface and step energies of ͑111͒, ͑100͒, and ͑110͒ vicinal surfaces in the ͓110͔ and ͓100͔ zones allow us to calculate the ratios of step to surface energy, which are structure specific. These are 0.60 and 0.51 for A and B steps on ͑111͒, 0.25 and 0.37 for B and C steps on ͑100͒, and 0.19 for the C step on ͑110͒. We can check whether these ratios are reasonable, by referring to a simple broken bond counting scheme 39, 40 ͑compare Sec. VI͒, which produces the ratios in the same sequence as 0.67, 0.67, 0.25, 0.5, and 0.2, respectively. 41, 42 There is relatively close agreement in the two sets of numbers, although DFT yields lower values for ͑111͒ and ͑100͒ in the ͓100͔ zone. For ͑110͒ in the ͓110͔ zone broken bond counting predicts zero for the ratio, while we estimate 0.01 utilizing data derived from the ECS which was constructed from the DFT results of Fig. 1.   28 The comparison of the evaluated theoretical energies of A and B steps vicinal to Pb͑111͒ with the corresponding experimental values 26 of 12.8 and 11.6 meV/ Å 2 shows that the latter are lower by about 17-20 %. There is good agreement in the step energy ratio f 1B ͑0͒ / f 1A ͑0͒ at 0 K, which is 0.91 experimentally and 0.88 theoretically. The experimentally determined ratios of step energy ͑at T =0 K͒ over Pb͑111͒ surface energy ͑at finite T͒, f 1 ͑0͒ / f 0 ͑T͒, are 0.47 and 0.42 for A and B steps, respectively. 3 They are considerably lower than the theoretical ratios. If we assume that the surface energy of Pb͑111͒ does not vary significantly with temperature, it follows that theory predicts the facet radii to be larger than found experimentally. The deviation is about 18-22 %, which may still be reasonable in view of a number of error sources, especially in experiment.
On the other hand, the current theoretical step energies of Pb͑111͒ are about 6 meV/ Å 2 or at least 60% higher than the previously published DFT results within the GGA. 18 As noted earlier, we believe that LDA surface energies are more accurate than those obtained by the GGA. Indeed, the LDA results of surface energies for low-index orientations closely agree with experiment, 21 and the same is true for the highindex orientations. Hence step formation energies derived from the LDA theoretical surface energies are also believed to be more reliable. The main reason for the 17-20 % discrepancy with the experimental data can be traced to the scatter in the primary shape anisotropies of two-dimensional Pb͑111͒ islands and facets 26, 38 which were evaluated by fitting to theoretical Ising theory-type expressions. 5 The fit parameters were step formation energy ͑at 0 K͒ and kink formation energy, both for a particular step type. The relatively large scatter in data allows for a range of fit parameters. Although the originally quoted values of step and kink energies for Pb͑111͒ A and B steps were obtained by a "best fit" procedure, other values, such as those found here from theoretical surface energies, also fit the same data reasonably well. 43 As a consequence, one would expect to find higher kink formation energies than those based on experiment. At this point it would be desirable to complement the current results for surface and step energies with additional calculations of kink energies by DFT using the LDA.
VI. THE BROKEN SURFACE BOND RULE
It is of general interest to conclude the presentation of our orientation-dependent surface energy data of Pb with an 
FIG. 4.
Step relaxation energies of A and B steps of vicinal Pb͑111͒ surfaces versus step density. Note the oscillation of the step relaxation energy at large tilt angle. Also note that the dual step structures ͑551͒ and ͑411͒ have much lower step relaxation energy.
analysis which has been proposed by Galanakis et al. 17, 27 These authors found an almost perfect linear correlation of computed surface energies, given in units of eV per surface atom, with the number of broken surface bonds ͑per unit cell͒. This correlation has recently also been demonstrated for Cu where surface energies of low-index and vicinal orientations have been computed by first principles. 44 Although the idea that the anisotropy of surface energies should scale with the number of broken surface bonds is not new, [45] [46] [47] it is rather surprising that theoretical values obtained by first principles seem to support this simple rule. 39, 40 For surface energies, calculated for low-index and many high-index orientations of the same fcc metal, they yield a nearly perfect linear correlation. 44 Deviations from linearity are reported to be about 3-5 % for Cu. To check the broken surface bond rule for Pb, we converted our computed surface energies to units of eV per surface atom, according to F͑hkl͒ = ␥͑͒A͑hkl͒, and plotted the results in Fig. 5 versus the number of broken surface bonds for all 35 unrelaxed and relaxed surfaces. A͑hkl͒ is the area per unit cell of the ͑hkl͒ surface. The number of broken surface bonds is formally defined by N bb ͑hkl͒ =2␣h + k, where ␣ = 1 for h , k odd and ␣ = 2 for h and/or k even. Both quantities, A͑hkl͒ and the number of bonds per unit cell, N bb ͑hkl͒, are also listed in Table I . The data fall indeed on nearly perfect straight lines, with some points deviating slightly. The average energy per broken bond is about 10% higher for the unrelaxed surfaces.
Hence the current results for Pb are consistent with previous studies based on first-principles theory. They support the broken surface bond rule and as such indicate selfconsistency of the theoretical anisotropic surface energy values. However, a closer analysis of the same data reveals some important details. Those surface orientations for which deviations from a perfect straight line are observed, are the ones where facets form on the equilibrium crystal shape. 28 These facets are not present on the ECS when an exact linearity of the surface energy F͑hkl͒ versus the number of broken surface bonds is assumed. This can best be seen in the corresponding function ␥͑͒ versus relative orientation in Fig. 6 which has no singularities except at the low-index orientations ͑111͒, ͑100͒, and ͑110͒, the latter only in the ͓001͔ zone; it is therefore markedly different from the theoretical DFT result in Fig. 1 . A direct comparison of both functions for relaxed Pb surfaces is shown in Fig. 6 .
Both functions ␥͑͒ were matched at the ͑111͒ orientation by setting the proportionality constant of F͑hkl͒ versus the number of broken surface bonds equal to ␥͑111͒A͑111͒. We note in Fig. 6 that both data sets still agree closely at ͑100͒ but higher surface energies are observed for all other orientations. More importantly, nonsystematic large deviations are noted for the orientations ͑320͒, ͑110͒, ͑221͒, ͑211͒, and ͑411͒. These differences between the two surface energy functions have rather important consequences. First, step energies evaluated from the initial slopes of d␥͑͒ / d at lowindex orientations are larger for the ideal broken bond function than for the exact DFT function. Second, the observed singularities ͑slope discontinuities͒ on the exact DFT ␥͑͒ function are associated with facets on the ECS except the ͑411͒. 28 This can be shown by performing a Wulff construction on the complete ␥͑͒ function in polar coordinates to obtain the ECS. 28 No such facets are obtained for the ideal broken surface bond function. Third, step-step interaction energies, which are related to the curvature of ␥͑͒, are also expected to be different for the two functions in Fig. 6 . In summary, the broken surface bond rule may serve to estimate the surface energy of a high-index surface but it is a poor approximation when it comes to evaluating quantitative secondary energetic surface data and/or obtaining a realistic ECS. From a physics point of view, such a difference is expected because surface relaxation and surface charge smoothing 29 are neglected in the ideal broken surface bond model. 39, 40 Higher-order atomic interactions have to be included in calculating surface properties of metals. 48 These interactions are responsible for subtle differences in surface energies which then yield a realistic description of the anisotropy and the proper ECS at T =0 K. 28 In this sense there is a similarity between the ␥͑͒ function calculated for the ideal broken surface bond function and the DFT results computed for unrelaxed Pb surfaces because both do not give rise to extra facets on the ECS other than the low-index facets ͑111͒ and ͑100͒ as well as a knife-edge ͑110͒ facet. 28 
VII. SUMMARY AND CONCLUSIONS
In summary, an extensive set of first-principles DFT surface energy data of low-index and vicinal Pb surfaces has been obtained which allows the evaluation of step formation energies of vicinal ͑111͒, ͑100͒, and ͑110͒ surfaces. The ͑pro-jected͒ surface energy of vicinal orientations increases linearly with step density over a range of about 10°-12°mis-orientation for all studied zones. A direct comparison of theoretical and experimental inequivalent A and B step energies of vicinal Pb͑111͒ surfaces shows reasonable agreement, especially in the ratio f 1B ͑0͒ / f 1A ͑0͒.
Step relaxation energies as a function of step density are nearly constant at small tilt angles. Dual-step structures exhibit a much lower step relaxation energy. The ratios of step to surface energies are clearly structure specific.
Step-step interactions are weakly repulsive due to elastic interactions. The calculated surface energies in eV/atom depend to a first order linearly on the number of broken surface bonds. An exact linear dependence, however, does not lead to all of the expected facets on the equilibrium crystal shape nor will it yield the proper step and step-step interaction energies.
